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ABSTRACT

The Black-Scholes equation is formally parabolic. However, the numerical approximation behaves
as if it was hyperbolic when it is convection dominated. Spurious oscillations appear when a
conventional finite difference discretization is applied, leading to approximations that violate the
financial rule. While the upwind scheme can eliminate the oscillations, the numerical diffusion
it introduced impaired the accuracy of the solution. Thus, we illustrated that the total variation
diminishing scheme with flux limiters is one of the best solutions to this problem. In the end, we

introduced the discontinuous Galerkin method for further study.
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1 Introduction

1.1 Black-Scholes equation

For simplification, in this paper, we only consider European put options. The result for call options can be easily

replicated by put-call parity.

To model the price evolution of a European option, the famous Black-Scholes equation is proposed by Fischer Black

and Myron Scholes in [1]], which is in the form:

OV 1, .0V oV B
o T 5078 geg +r85s —rV =0, Sxtel0,00x[0,7], (1.1)

or

OV 1, 0V oV
9~ 3° S 557 —rSaS+rV, S xtel0,00] x[0,7] (1.2)

with boundary conditions for European put options

V(S,T) = maz(E — S,0), (1.3)

V(0,t) = Ee "(TY), (1.4)



V(S,t) =0 as S — co. (1.5)

We need to truncate the domain to make the problem numerically solvable. So (1.2 and (I.5]) becomes

OV 1L,V OV
E— S 952 S%Jrrv SXtG[O,SMaf]X[O,T} (16)

V(Smaz,t) = 0. (1.7)
Here, V is the price of the put option as a function of stock price S and time ¢, r is the risk-free interest rate, o is the
volatility of the stock, T is the total time to expiry and E is the strike price.

Notice that the coefficient of g S‘g in (T:2) is a negative number — 10252, which makes the PDE backward parabolic.

It turns out that this backward problem is ill-posed: for most initial and boundary conditions, the solution does not

exist at all, and even if it does exist, it is likely to blow up within a finite time [2]]. Fortunately, we can transform this

backward parabolic PDE to a forward parabolic one by the change of variables. Define
T=T—1. (1.8)

Then (L.6), (T.3) becomes
o _ 1 2528 %4 N oV

37- 2 652 TSa V7 S XTE [Oa SMax} X [OaT}a (19)

V(S,T—7)=V(S,T —0) =max(E - S,0), (1.10)

which is now a forward parabolic PDE that we are going to investigate into.

1.2 Motivations

Although equation (T.9) is formally parabolic, the numerical approximation behaves as if it was hyperbolic when its
convection term plays a dominant role [3]]. To describe this phenomenon, the Péclet number (Pe) is defined by the
ratio of the convection rate over the diffusion rate in a convection-diffusion transport system [4]]. For the case where
Pe >> 1, we call the PDE a convection-dominated problem. The solution to the convection-dominated problem is
usually not so smooth due to the low diffusion term. Since the traditional numerical schemes rely on the smoothness of

the solution, spurious oscillations arise when conventional numerical PDE methods are applied.

In financial markets, the convection-dominated problem usually occurs during FX option pricing due to the low
asset price and/or low volatilities of the underlying asset [5]. Although the spurious oscillations don’t often affect the
accuracy of approximated option values, the Greeks such as Delta (A = g—‘g) is corrupted. Then the conventional finite
difference method no longer has the advantage of calculating Greeks accurately and efficiently, and the risk control will
also be affected because of the inaccurate Greeks. Additionally, the study of this problem will help with the computation
of the Black-Scholes equation for Asian options, which is naturally convection-dominated. Therefore, we will explore

robust numerical methods for this kind of problem under the Black-Scholes framework.
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1.3 Spurious Oscillations in the Numerical Solution of the Convection Dominated B-S Equation

In this subsection, we will demonstrate that spurious oscillations do occur when Péclet number is large and a conventional

numerical scheme (the Crank-Nicolson method) is applied.

Assume that the space domain [0, Sp/q. ] is divided uniformly into IV subintervals. Then the mesh size is hg = SMax

N
and the grid points are S; = ihg fori = 0,1,2,..., N. Similarly, we assume the time domain [0, 7] is divided
uniformly into M subintervals. So the mesh size is h; = % and the grid points are 7; = ¢h; fore = 0,1,2,..., N. Let

V7 denote the option value when S = S;, 7 = 7.

. 2 . .
We approximate 8—‘2{ ; and v ; using the most usual second order center difference scheme:
a3 oS

v, Vi -2+ V]
gzl = —— R =+ O(hB), (1.11)

oV Ve, -V
35l = 7“%5 L on). (1.12)
And the forward Euler method is used to discretize the time space:
av|_‘ v vt
87’ E ht

Then from time 7;_; to 7;, we have 6-time-stepping scheme:

+ O(hy) (1.13)

J

Vi-viTt 1, GV 2 + V) Vi -V .
L (2282 L i i+l g litl — Viml g
ht (20 h% +T th r k3 )

1, Vi —2vi Vi) vt - v L

1-0)(= G ! ¢ i i1yl

+(1 - 0) (5075 W2 +7rS e rViTh

In (T.3), the parameter 6 € [0, 1] usually takes the following values, giving rise to different schemes:

e 0 = 0: the explicit scheme (conditionally stable, truncation error ~ O(h; + h%)),
e 0 = 1: the Crank-Nicolson scheme (unconditionally stable, truncation error ~ O(h? + h%)),

e 0 = 1: the implicit scheme (unconditionally stable, truncation error ~ O(h¢ + h%)).

The Crank-Nicolson scheme is usually regarded as the best scheme among all three schemes due to its unconditional
stability and smaller truncation error. Thus, it’s intuitive to apply the C-N scheme to (I.9), and the C-N scheme does

give good approximations to (1.9) when the Péclet number is not too large.

However, the approximation is bad when the Péclet number >> 1: although the C-N scheme gives approximations
with good accuracy and order of convergence (see table[I.T), the existence of spurious oscillations violate the financial
rule. For example, negative option value occurs, which is ridiculously incorrect (see figure[I.1] [[.2). Hence, better

numerical schemes need to be applied.



With M = 128, 0 = 0.025, 7 = 0.1, Spee = 6, E = 1, T = 4 and the C-N scheme,

N L>®errorin V | Order | L? errorin V | Order | L error in g—‘g Order | L errorin g‘é Order
16 4.48e-02 N/A 5.63e-03 N/A 4.51e-01 N/A 4.51e-02 N/A
32 2.87e-02 0.64 2.05e-03 1.45 3.86e-01 0.22 2.56e-02 0.82
64 1.60e-02 0.84 1.04e-03 0.98 2.61e-01 0.57 1.19e-02 1.11
128 9.34e-03 0.78 2.92e-04 1.84 2.29e-01 0.19 6.47e-03 0.87
256 3.58e-03 1.38 7.04e-05 2.05 1.09e-01 1.07 2.31e-03 1.49
512 9.63e-04 1.90 1.69e-05 2.06 4.22e-02 1.37 6.07e-04 1.93
1024 2.54e-04 1.92 4.57e-06 1.89 1.21e-02 1.80 1.66e-04 1.87

Table 1.1: L™=, L? errors and their orders of convergence when the Crank-Nicolson scheme is applied

N=64, M=64,T=4,E =1, sigma = 0.025, interest rate = 0.1
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Figure 1.1: Crank-Nicolson scheme: Spurious oscillations example
N =150, M =128, T =4, E =1, sigma = 0.025, interest rate = 0.1
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Figure 1.2: Crank-Nicolson: Oscillations still exist even if the space is discretized into 150 subintervals




2 Upwind Scheme

The upwind scheme have become very popular for solving hyperbolic partial differential equations with discontinuous
solutions, without the occurrence of spurious oscillations [6]. While upwind techniques can eliminate spurious
oscillations, they introduce excessive numerical diffusion and tend to greatly smear the moving steep fronts in these

problems [7]].

In this chapter, we will show the inaccuracy of the approximation using upwind schemes by numerical experiments,

and explore the reason why the numerical diffusion plays a dominated role in this problem.

2.1 Discretization

To illustrate the scheme, we consider the following one-dimensional linear advection equation
ou ou

2= 2.1
ot~ "oz 2.
where a is a variable that represents the velocity. If a is positive, the solution tends to propagate towards the right, and
vice versa.
Define
at = max(a,0), a” =min(a,0) (2.2)
and
_oul —ugty + U g — uy
= —-" =" 23
Ya Ax Ue Ax 2.3)
Then a% |7 is approximated by
a " u, +atu)f 2.4)

which is called the first-order upwind scheme.
Note that it is stable if the following Courant-Friedrichs-Lewy condition (CFL) is satisfied [8]:

alAt
C:|ﬂ|§1’ (2.5)

which can be easily achieved with any reasonable discretization.

Since in (T.9), the coefficient of g—; is S, which is always positive in the domain of interest. Then the discretization
of (I.9) becomes

M — 9(1025*2‘/1{1 — 2Vij + Vz]-i-l JrrSVi]-s-l - Vz‘j . T’Vj)
he 2 hZ hs i
1 Vj_l _2vj—1 +Vj_1 Vj—l _Vj—l . (2.6)
+ (1 _ 0)(50252 i—1 }22 i+1 +7rS i+1 - i . TVijil).
S S

2.2 Numerical Experiments

Numerical experiments were conducted with the following parameters on an European Put option:
Put Option: K =1,T =4,0 = 0.025,r = 0.1

Grid: Spfae = 6, M = 128
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With M =128, 0 = 0.025, r = 0.1, Spsqr = 6, E = 1, T = 4 and the upwind scheme,
N L>®errorin V | Order | L? errorin V | Order | L error in g—‘g Order | L errorin g—‘é Order
16 4.60e-02 N/A 4.94e-03 N/A 4.27e-01 N/A 4.55e-02 N/A
32 2.58e-02 0.84 1.88e-03 1.39 3.67e-01 0.22 2.58e-02 0.82
64 3.04e-02 -0.24 9.44e-04 0.99 2.80e-01 0.39 1.13e-02 1.19
128 1.85e-02 0.71 4.30e-04 1.13 2.16e-01 0.37 6.95e-03 0.70
256 1.09e-02 0.77 2.12e-04 1.02 1.51e-01 0.52 3.94e-03 0.82
512 6.26e-03 0.79 1.07e-04 0.99 9.39¢-02 0.69 2.15e-03 0.88
1024 3.41e-03 0.88 5.36e-05 0.99 5.71e-02 0.72 1.16e-03 0.90

Table 2.1: The Upwind Scheme: L°°, L2 errors and their orders of convergence.

N =64, M=064,T=4,E=1,sigma=0.025, interest rate = 0.1
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Figure 2.1: The Upwind Scheme: Oscillations disappeared.

From the results 2.1 and 2.1] we can see that although the spurious oscillations disappeared, the accuracy of the
approximation is worse than the one produced by C-N scheme once the space domain is discretized into more than ~32
subintervals. This is because the upwind scheme’s order of convergence with respect to space domain is O(hg), which

is less than the one of the Crank-Nicolson method (O(h%)).

2.3 The Flaw Behind the Upwind Scheme: Numerical Diffusion

First we show that the upwind scheme adds numerical diffusion terms into our PDE (1.9), which smooths the solution

out. By Taylor expansion,

. . . . 2 5 . .
Via = V) _ V4 hsBsll + 5l + OMd) -V _ oV hs 9V

— (= B85 "y h%). 2.7
Up to a second-order truncation error, we can re-written the original Black-Schole equation (T.9) as
oV 1, 0%V oV hg 0%V
— = — i 2.
or ~ 27 Y asr T Gs Ty g Y @8
or
oav. 1, 5 4 o?V av
oy _ 2 - _ 2.
5y 2(05’ +r5hs)852+rSaS rV (2.9)



Notice that the spurious oscillations and/or inaccurate approximations happen only when the stock price is close to the

strike price, which equals 1 in our previous numerical experiments. Therefore, we set S ~ 1 in our following analysis.

The coefficient of the diffusion term in the original Black-Scholes equation is %0'2 S? ~ %02. And the coefficient of
the numerical diffusion term is %TS hs ~ %rh 5. Since ¢ and r are set to be 0.01 and 0.08 respectively in our numerical
experiments, we are able to compute the ratio of the coefficient of numerical diffusion term over the coefficient of exact
diffusion term. See table[2.2]

hg SMaz/16 | Shraz/32 | Shaz/64 | Sraz/128 | Srraz/256 | Sirax/512 | Snrax/1024
Coefficient of
the numerical | 3.00e-02 1.50e-02 | 7.50e-03 3.75e-03 1.87e-03 9.37e-04 4.69¢e-04

diffusion term

Ratio 3.33e+01 | 1.67e+01 | 8.33e+00 | 4.17e+00 2.08e+00 1.04e+00 5.21e-01

Table 2.2: the ratio of the coefficient of numerical diffusion term over the coefficient of exact diffusion term.

Notice that the effect of the numerical diffusion is still 4% larger than the effect of exact diffusion even if we discretize
the space domain into 512 subintervals, i.e., the numerical diffusion plays a dominant role for any reasonable space
discretization sizes. This explains the reason why the elimination of the spurious oscillation doesn’t guarantee us a

more accurate result.

3 Total Variation Diminishing Scheme with van Leer Flux Limiter

In the previous two chapters, we illustrated that both the Crank-Nicolson scheme and the upwind scheme have their
strengths and weaknesses: the Crank-Nicolson scheme has a higher order of accuracy, but the spurious oscillations
produce unaccepted phenomena, such as negative option values; the upwind scheme eliminates the oscillations by

introducing numerical diffusion, causing the approximation to be inaccurate. Thus, both methods are not ideal.

In this chapter, we are going to introduce a finite volume discretization approach that gives accurate results without

producing spurious oscillations.

3.1 Finite Volume Discretization of the Black-Scholes Equation

A finite volume discretization of 1D convection-diffusion-reaction equation is given in [3]]:

n n—1
Vir=Vvi

I +6( iT-L',-l/2_Fin—1/2+fz‘n)+(1_9)(FZ.l|._1}2_FZL__11/2+fin_1):0 3.D
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where

6 = temporal weighting (0 <0 < 1) (3.2)
F;_12 = fluxentering cell i at interface i — 1/2 (3.3)
Fiy12 = fluxleaving cell 7 at interface 7 + 1/2 (3.4)

fi = source/sink term. 3.5

In particular, the flux and the source/sink terms are defined by

n 1 1 ‘/i:tl - ‘/1” n
P =3 < L e wa—— rSﬂ/iﬂm), (3.6)
fi=rvi". (3.7)

So all we need is to approximate the value of V' | /20 such that we can get a linear system to solve.

The crudest way to use the central weighting scheme

oy +V
iy = (3.8)

which is equivalent to discretize the g—‘g term using the center difference scheme. We have already illustrated that it will

lead to spurious oscillations in section [I.3] Therefore, we have to seek for a more sophisticated approximation.

3.2 Total Variation Diminishing Scheme

To measure the level of severity of spurious oscillations, we introduce the concept of Total Variance (TV), defined by

N—-1

TV =3 Vi - Vjl. 3.9)
=0

A numerical scheme is called rotal variation diminishing (TVD) if TV ("*+1) < TV (") This inequality will eliminate

the occurrence of spurious oscillations, due to the fact that oscillations naturally cause the total variance to increase.

Since the coefficient of the diffusion term in (1.9) is always positive throughout the simulation, V| /2 can be

approximated by the following total variation diminishing scheme [7]]:

1 anl _ anl

V;n71 _ V'anll + 7@(%)(‘/;7171 _ anll)’ (310)
+1/2 + 2 V'l 1 ‘/i+11 i+

n—1 n—1

. . Vilov . . . )
where U(q) is a flux limiter, and ﬁ represents the ratio of successive gradients on the solution mesh.

The existence of the flux limiter is to assure that numerical diffusion is added only at points where the solution has
steep gradient [[7]], which guarantees an accurate approximation without spurious oscillations. A good choice of the
limiter function ¥ will be the van Leer flux limiter, which is defined by

r+|r]
U(r)= .
) 14 |r|
We can see from the figure [3.1|that the point (1, 1) is the fixed point of the function, i.e., this limiter function tends to

(3.11)

make the input closer to 1 in order to smooth the approximation.
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1 2 37

Figure 3.1: van Leer limiter function overlaid onto second-order TVD region [9].
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3.3 Numerical Experiments

Numerical experiments in the table 3.1 were conducted with the following parameters on an European Put option:

Put Option: K =1,T =4,0 = 0.025,r = 0.1

Grid: Spjqe = 6, M =128

Notice that this scheme eliminates the spurious oscillations arisen from the convection-dominated B-S equation.

With M = 128, 0 = 0.025, 7 = 0.1, Spree = 6, E = 1, T = 4 and the TVD scheme,
N L*>® errorinV | Order | L? errorin V | Order | L errorin g—g Order | L error in g—‘g Order
16 4.20e-02 N/A 3.17e-03 N/A 3.66e-01 N/A 3.90e-02 N/A
32 1.90e-02 1.14 9.61e-04 1.72 2.90e-01 0.34 2.07e-02 0.91
64 1.28e-02 0.57 5.58e-04 0.78 1.66e-01 0.80 9.39¢-03 1.14
128 5.82e-03 1.14 1.85e-04 1.60 1.46e-01 0.18 4.50e-03 1.06
256 2.20e-03 1.41 4.99¢-05 1.89 8.15e-02 0.85 1.59e-03 1.50
512 5.60e-04 1.97 1.11e-05 2.17 2.70e-02 1.59 3.93e-04 2.02
1024 1.10e-04 2.34 2.09e-06 241 5.34e-03 2.34 7.44e-05 2.40

Table 3.1: The TVD Scheme: L*°, L2 errors and their orders of convergence.

0.7

N=32,M=32,T=4,E=1,

sigma = 0.025, interest rate = 0.1

0.6

0.5

0.3

0.2

0.1

0.0

~——— Approximation
Analytical Solution

0.0

Delta

—-0.8 1

—— Approximated Delta

Analytical Delta

4 5

6

Figure 3.2: Spurious oscillations don’t occur when the space is only discretized into 32 subintervals.

Moreover, with the same amount of subintervals in space and time, its numerical error in V' and Delta is less than the

one of the Crank-Nicolson scheme.

In the figure[3.3] we contrast the accuracy of the C-N, upwind and TVD schemes with respect to error in V' and A.

Note that the accuracy of the upwind scheme is similar to the one of the Crank-Nicolson scheme when the space domain

is discretized into less than ~ 100 subintervals, since the numerical dispersion of C-N scheme and the upwind scheme’s

first order of accuracy cancel each other out. In this case, the upwind scheme is favored since the oscillation-free

approximation given by it satisfy the financial rule more. However, after the meshes get finer, the Crank-Nicolson

scheme is better due to its higher order of accuracy.
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It’s obvious that the TVD scheme outweighs the other two schemes due to its good order of accuracy and free of
spurious oscillations. Therefore, we believe the TVD scheme with van-Leer flux limiter is a better method for the

Black-Scholes equation when the market volatility is small.

L-infinity of Approximation errors L2 of Approximation errors
1072
1073
10°*
24 25 26 27 28 29 210 24 25 26 27 28 20 B
L-infinity of Delta errors L2 of Delta errors
1072
1071
10»3,
1072
1074
24 25 26 27 25 29 210 24 25 26 27 28 29 210

Figure 3.3: A comparison of approximations produced by the C-N, the upwind and the TVD scheme.
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4 Further Study: Discontinuous Galerkin Method

The discontinuous Galerkin method is the modern FEM approach for solving PDEs, with which we can easily introduce
higher-order scheme. Additionally, it’s free of oscillations. The main difference between the DG method and the
usual FEM method lies in the choice of basis: In the DG method, we don’t enforce any continuity constraints between

elements. See figure[.T]and[d.2] Here we introduce the formulation of the DG approach to the B-S equation[I.9]

N elements

4{/ . \\ ® Approximate: u(x) = 3, U;¢;(x)

9, 9, 9, L) ® ¢; are “hat” basis functions

i ! f f { B N + 1 basis functions in 1-D

Figure 4.1: Usual FEM basis functions [[LO].

I I
% 0 0 9 0, O O O

K K K K
0 1 2 3

Figure 4.2: Usual discontinuous Galerkin method basis functions [[10].

For an element [a, b], we define the basis to be

1 a

b—a b—a’

Po(S) =

.1

1 b

¢1(S):a—b a—b

Note that in the usual DG approach, people prefer to use higher-order basis functions. However, the linear basis

4.2)

functions will work well in our case since the solution to convection-dominated B-S equation is close to a hockey stick

function.

Then we introduce the weak form of the PDE. Assume that V (¢, z) = 23:0 a;(t)¢;(x). For generality, we define
Q = [a,b]. For j = 0,1,

ov 0% [ L0V ov

We apply integration by parts to reduce the requirements of the smoothness of V', which gives us
v -
—¢;dS = Lt i 0;dS, 4.4
e ® gax)/ﬂwj (@4
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—"2/5282‘/ a5 =~ ( (3 as(t)s(2))5 /21: )(25¢, + 52¢)dsS 4.5
7 o @éﬁg = ? az ¢] o Zzoaz ¢j + ¢) 4.5)

=0
oV 1 1
S%d’]ds = _T<[(XZ: az( ) z quj / < az ))(¢] + S¢ )d5> (4.6)
1
7"/ V;dS = ’"/ (Z ai(t)gi(z))g;dS. 4.7)
Q Q5
By plugging the four equations back into and writing them in the matrix form, we will get
2
Ma' — (%K +rL—rM)a=0 4.8)
or
o2
Md = (7K +rL —rM)a. 4.9)

For each time step, we have a, which means that we can compute o’ by solving the linear system. Then we can compute

the a at the next time step by the Forward Euler method, i.e.,
o™ = o1 L 'h,. (4.10)

Note that the CFL condition needs to be satisfied to make the scheme stable.

S Summary

In equity and FX option markets, due to the low asset prices and/or low volatilities, the Black-Scholes equation becomes
convection-dominated [3], leading to spurious oscillations in our numerical approximations. Although we have the
analytical solution to the original Black-Scholes equation, it may not be the case when more sophisticated conditions
such as jump-diffusion models, local volatility are assumed. Additionally, the Asian option model and one-factor
interest rate models of the Vasicek type are usually convection-dominated for typical market data. Therefore, it’s

meaningful to study this kind of problem in the original B-S model first.

In Chapter 1, we introduced the reader into the definition of the Black-Scholes equation, mentioning the conventional
discretization of the parabolic PDE: the Crank-Nicolson scheme. Then we considered a case where the Péclet of the
problem is large. Because of the severe numerical dispersion of the Crank-Nicolson scheme, the numerical experiments

show the existence of spurious oscillations.

The next chapter was dedicated to proving that the first-order upwind scheme is unable to handle the problem.
Although the upwind scheme gives an oscillation-free result, the numerical diffusion that it introduced severely
increases the coefficient of the diffusion term, making the approximation inaccurate. Thus, a better method needs to be

proposed.

In the third chapter, we discretized the Black-Scholes equation using the finite volume approach, which enables us to
apply the total variation diminishing scheme with flux limiters. Since this scheme guarantees that the total variation is
decreasing, oscillations naturally disappeared. By the selection of our flux limiter, the scheme is of the second order of

accuracy. We showed that it is the most favoured scheme for the problem by numerical experiments.
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Finally, we introduced the discontinuous Galerkin method for the further study of the convection-dominated problem.
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